Abstract. A small parameter technique is used to derive Reynolds' lubrication equation from the Stokes equation. The error associated with the approximation is estimated in suitable norms.
1. Introduction. In a classical paper [9] , O. Reynolds formulated a differential equation which gives an asymptotic approximation of the Navier-Stokes equation. In the one-dimensional case this equation reads as follows:
(H3P')' = 611VH'.
(1.1) P is the pressure in a thin film of a viscous fluid of constant density, thickness H and viscosity \i. V is the A^-component of the moving surface. Equation (1.1) applies when the height of the fluid is very small compared to the span and the length. The justifications given in the literature for the transition from the full Navier-Stokes equations to (1.1) are mainly heuristic; we quote in particular the papers of Elrod [3] and Wannier [10] . A possible approach to the Reynolds equation, and thus to the theory of lubrication, is to suppose true the expressions of the Couette-Poiseuille flow, 1 r)P -= 2^ ~H)+ V{H ~ X*)/H< even when H is not a constant. In the first part of this paper (Sees. 2 and 3) we examine in detail the asymptotic validity of this assumption of the theory. In Sec. 4 we develop a formal expansion which gives in the first term the Reynolds equation. Various rigorous estimates of the remainder are proved. In this paper we limit ourselves to the two-dimensional linear case (i.e., we consider as "exact" the solution given by the linear Stokes equations).
The transition from the Stokes equations to the Reynolds equation in the three-dimensional case (but only to the first order) is studied in a paper by G. Bayada and M. 628 GIOVANNI CIMATTI Chambat [11] , which recently appeared and which we saw after completing the present work. No use is made in [11] of the technique of the stream function on which this paper is largely based. 2 . Generalized Couette-Poiseuille flow. Let H( A\) e C°°( R1) be a periodic function of period L such that HM > H ^ Hm > 0. Define S = X2); -oo < Xx < oo, 0 < X2 < H(X2)}, £2 = {(^, X2); 0 < X1 < L,0 < X2 < W(JTj)}.
First of all we study the following. is prescribed. The one-to-one correspondence between C and K is easily computed:
-KHj Hj where G{ A',, X2) is L-periodic in Xv Hence
But Px is also periodic in A\; thus A is constant. Defining K = AL we have P(X1 + L,X2)-P(Xl,X2) = K. (2.8) We give now a weak formulation of Problem 1 in which the constant K appears explicitly following the standard functional approach (see e.g. [6] ).
Let J(S) be the set of all sufficiently smooth solenoidal two-dimensional vectors vanishing near 3.S' which are L-periodic in X}. In J(S) we introduce the scalar product1 [ Denote by H(S) the completion of j(S) with respect to (2.9). Multiplying (2.1) by 4> e H and integrating by parts over S2 we have, recalling (2.8),
Jo for all $ e H. The integral on the right-hand side of (2.10) makes sense since e L2(9fi). Let A be any smooth solenoidal vector field which satisfies (2.3) and (2.4). If we define U = V -A we can write (2.10) in the form
The right-hand side in (2.11) defines a linear functional in H(S). Thus by the Riesz representation theorem we have Theorem 2.1. For every ^eR1 there exists one and only one solution of Problem (2.10).
The regularity of the solution together with other properties, is better obtained using a stream function <fr(X1, X2) defined by *x2 = Vv = -r2. •>n ' •'n With C prescribed, the theory of linear boundary value problems applies to (2.13)-(2.16) with the minor changes required by the condition of periodicity. Hence the solution of Problem 2 exists, is unique and of class C00^) since we suppose H e C00 (5) and 9S e Cx. In the following theorem we show that the formulations of Problems 1 and 2 are perfectly equivalent. This, in particular, proves the Cx regularity of the solution of Problem 1. 
The Couette-Poiseuille solution corresponding to h(xl) = 1 is, in this notation,
where
We are interested in solutions of Problems V for which v[C) does not vanish and does not diverge as e -> 0. Of course this is equivalent to saying that k = k0/e2. This is the case in the theory of lubrication and hereafter we will always make this assumption. We easily verify, when k = k0/e2 in (3.7), II vi IU'(ot) = Cj£, (3.8)
IIV^L^Ce-172. In terms of c0, (3.7) becomes
The basic idea of the theory of lubrication is to consider (3.13) still valid when h depends on Xj and e is very small. To make this point precise we prove that the estimates where (3.14)
c(p) = (hM(p\)2/2"-iy/p, i^P< oo.
Proof. It suffices to prove (3.14) when u e C°°(ie) vanishes near 3jf and is 1-periodic in Xj. For p = 1 (3.14) certainly holds. Now
Suppose (3.14). Then by (3.15)
Hence by induction the result follows. □ In the following three lemmas we recall various "a priori" estimates for the solutions of harmonic and biharmonic problems. Take £2 as in Lemma 3.2. Let Bx(rt), (Bx(re)) be the greatest open disk of radius ri (re) internally (externally) tangent to 3£2 in x, i.e., Bx(rt) c £2 (Bx(re) n £2 = 0). Define 5, = inf{r,(x), x g 9S2}, 8e = inf{ ^(x), ^ e 3£2}, § = min{5,,}.
Since 3£2 e C2 we have S > 0. Since |9^/9«| < 1 and |v«| is bounded, we get |vf | < C. It follows that ||v^|U» < C, which implies (3.28). □
In the following theorem we derive an interior pointwise estimate. = 1,2,3) . By the maximum principle we have On the other hand, by (3.33), (3.34), and (3.35), we obtain d\vy\ < d| Vy | + tf|vj8|< Ce2. To estimate |36/3«| we transform (3.36) in a harmonic problem by letting £ = 5 -fiB.
We have A£ = 0 in se,
and by Lemma 3.3, |v£| < C3e. Taking into account that |V)3B| < C4e it follows that |v8| < C5e. Thus |3S/3«| < C5e on 3se. This by (3.37) implies (3.33). □ Proof. Because AE = A_E and A2E = A2_E, -<j>_e satisfies Problem 3. Thus by the uniqueness of the solution we infer <j>e = □ By (4.6) ux is even with respect to e and u2 is odd. Moreover, from (4.7) and (4.8), we see that p is an even function of e. Integrating by parts in the left-hand side of (4.42) we get, taking into account (4.43), l|ve(fg)||2L2 <-Ce2" + 3(e2"+3 +||v,(?g)||Ll).
Hence ( The diagonal terms in (4.52) can be estimated as follows: IIW-(,/t(«)IL2< Ce2" + 2.
